Let M be a symplectic manifold acted on by a compact Lie group G in a Hamiltonian fashion, with proper moment map. In this situation we introduce a pushforward morphism P :
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Introduction
Let M be a manifold provided with an action of a compact connected Lie group G with Lie algebra g; one may then define the equivariant cohomology H * G (M ) of M . Suppose now that the manifold is symplectic, with symplectic 2-form Ω, and the action of G is Hamiltonian. Let µ : M → g * be the moment map associated to this action, and denote by dm L := Ω n n! , dim M = 2n, the Liouville volume form on M .
The purpose of this paper is the study of a 'pushforward' morphism
where M −∞ (g * ) G is the space of G-invariant distributions on g * . The morphism P, defined under the hypothesis that µ is proper, produces some interesting symplectic invariants, in particular the pushforward of the Liouville form µ * (dm L ): for the class 1 ∈ H * G (M ), we have
Our study of the morphism P fits into the numerous studies of the symplectic invariant µ * (dm L ) (and its relation with localization in equivariant cohomology) that started some years ago with the Duistermaat-Heckman formula [2, 4, 9, 10, 13, 14, 16, 21, 23, 33] . Nevertheless our method is new, and works particularly well in the case where M is non-compact and G is (any) connected compact Lie group (in the previous references, the study is often restricted to the action of a torus). The central idea, which is due to Witten [36] , is to localize the integration of closed equivariant forms on the set Cr( µ 2 ) of critical points of the function µ 2 : M → R (where · 2 denotes a G-invariant Euclidean norm on g * ).
We will first produce some specific closed equivariant forms with generalized coefficients which completely describe the local and global behavior of the distributions P(α), α ∈ H * G (M ). Next the computations of these equivariant forms are handled. In this way, we are for example able to describe the behavior of µ * (dm L ) near 0 even if 0 is not a regular value of the moment map.
For this task, we will exploit the results of a previous paper [31] , and we will make an essential use of equivariant forms with generalized coefficients, with their properties of induction and restriction, that have been introduced and developed by M. Duflo, S. Kumar and M. Vergne in [11, 26] .
We now turn to a more extensive introduction of our subject. Section 2 is devoted to the explanation of the tools coming from equivariant cohomology. We refine the technique related to the partition of unity, a notion that was introduced by the author in [31] (see in particular the "deformation process"), and we recall the definitions and properties concerning the induction and restriction of equivariant forms with generalized coefficients.
Let Ω g (X) = Ω + µ, X , X ∈ g be the equivariant symplectic 2-form. For every equivariant form α(X) ∈ A * G (M ) depending polynomially on X ∈ g, the Fourier transform F(αe iΩg ) belongs to the space M −∞ (g * , M ) G of Ginvariant distributions on g * with values in the algebra A * (M ) of differential forms on M . Furthermore, for every smooth function f on g * with compact support, the differential form g * F(αe iΩg )(ξ)f (ξ) has a compact support on M , and then is integrable (see Definition 2.10). For instance, if α(X) = P (X)η where X → P (X) is polynomial on g and η ∈ A * (M ) is a differential form on M , we have F(αe iΩg ) = ηe iΩ F(P (−)e i µ,− ), and g * F(αe iΩg )(ξ)f (ξ) = ηe iΩ g * F(P (−)e i µ,− )(ξ)f (ξ) = ηe iΩ [P (−i∂ ξ )f ](µ) is a differential form on M supported on µ −1 (support{f }), hence with compact support on M for every function f with compact support since µ is proper (for the definition of the differential operator P (−i∂ ξ ) see (2.13)).
Then, for every equivariant form α ∈ A * G (M ) the integral
defines a G-invariant distribution on g * : for f ∈ C ∞ (g * ) with compact support, the value taken byP(α) on f is the integral on M of the differential form g * F(αe iΩg )(ξ)f (ξ). Next we show that the mapP : A * G (M ) → M −∞ (g * ) G factors in cohomology and induces the pushforward map P : H * G (M ) → M −∞ (g * ) G . In fact, the space M −∞ (g * , M ) G carries a derivative D, with D 2 = 0, and for the 'localizations' of P(α) we will work directly on the complex (M −∞ (g * , M ) G , D).
We end up Section 2 with a first illustration of the usefulness of our method. With the assumption that the group G is a torus T and that a component µ, β of the moment map is proper, we obtain easily a refinement of the Berline-Vergne localization that extends previous results by Prato-Wu and Guillemin-LermanSternberg [14, 33] . For every α ∈ H * T (M ), we have a locally finite decomposition P(α) = F ⊂M T D α F , where each distribution D α F is tempered and depends only on the values of α, Ω and µ on the connected component F of fixed point set M T .
In Section 3, we are interested in the local behavior of the distributions P(α), α ∈ H * G (M ). Concerning the behavior near 0, we first show that there exists a compactly supported equivariant form P 0 λ which completely describes the pushforward P(α) near 0 (see Proposition 3.8) . When 0 is a regular value of µ, the computation of P 0 λ leads to a new proof of the Jeffrey-Kirwan-Witten formula. Concerning the behavior near a coadjoint orbit O = G.ξ, we show in the same way that the pushforward is completely determined by a compactly supported equivariant form P O λ ξ (see Proposition 3.17) . This fact is crucial to prove an induction formula which generalizes previous results of [9, 35] . This induction holds in the entire slice U σ through the point ξ of O (see Proposition 3.13), and shows that the pushforwards P(α) are analytic on the open subset of regular values of µ.
In Section 4, our aim is to compute the equivariant forms P 0 λ , P O λ ξ when 0 or ξ are not necessarily regular values of µ. Our purpose is also a global formula for the pushforwards P(α). We show that the distribution P(α) is always a locally finite sum
in tempered distributions, where B G ⊂ g * indexes a decomposition Cr( µ 2 ) = ∪ β∈B G C G β with µ(C G β ) = G.β. Moreover, each tempered distributions D α β is supported on {ξ ∈ g * , ξ ≥ β }, and is described by means of an equivariant form P G β which is supported in a compact neighborhood of the component C G β of Cr( µ 2 ) (see equation (4.45) ). We will see that, under suitable conditions, the tempered distributions D α β can be computed explicitly. One interesting example is the case where M is a closed coadjoint orbit of a connected semi-simple real Lie group S. Let G be a maximal compact connected subgroup of S. The action of G on M is Hamiltonian and the moment map µ : M → g * is proper. One can show that M e iΩg defines a tempered generalized function on g (see [10] ): thus the pushforward P(1) is equal to F( M e iΩg ). On the other hand we prove in [32] that the set Cr( µ 2 ) is just a G-orbit in M (in particular B G is reduced to {β 0 }): the pushforward P(1) is then equal to D 1 β 0 (see (1.3) ). Using this technique we were able in [32] to compute the generalized function M e iΩg , extending by this way previous results of DufloHeckman-Vergne [9, 10] and Sengupta [34] .
The central result of the section 4 is a symplectic induction formula (see Theorem 4.5) that provides a tool to compute the generalized equivariant forms P 0 λ , P O λ ξ , and P G β : these G-equivariant forms are induced by generalized Tequivariant forms (where T is a maximal torus of G), and we show in sub-section 4.3 how to compute these T -equivariant forms using a shift of the moment map (see Definition 4.12) .
In Section 5, we determine, for a Hamiltonian action of a compact Lie group on a compact manifold, the global behavior of the partition functions in a way conjectured by Witten [36] . This extends previous results by Jeffrey-Kirwan [23] . In particular we prove the following statement.
Corollary 5.2 There exist smooth functions h
where dm L is the Liouville measure Ω n n! . Moreover each function h β is uniquely determined by the local behavior of Ω and µ near the component C G β of Cr( µ 2 ), and the function h 0 that corresponds to the set C G 0 = µ −1 (0) is always polynomial (note that we make no assumption on the regularity of 0 relative to the moment map).
Partition of unity in equivariant cohomology

Definitions and notations
Let M be a manifold provided with an action of a compact connected Lie group G with Lie algebra g. We denote by A * (M ) the algebra of differential forms on M (over C), and by d the exterior differentiation. Let A * cpt (M ) be the subalgebra of compactly supported differential forms. If ξ is a vector field on M we denote by c(ξ) : A * (M ) → A * −1 (M ) the contraction by ξ. The action of G on M gives a morphism X → X M from g to the Lie algebra of vector fields on M .
We now recall the different de Rham complexes of G-equivariant forms on M . For more details see [3, 5, 10, 26] .
Let C ∞ (g, A * (M )) be the algebra of forms α(X) on M depending smoothly on X ∈ g. We note A ∞ G (M ) the sub-algebra of C ∞ (g, A * (M )) consisting of the G-invariant elements: these elements are called equivariant forms with
We see that A * G (M ) is stable under D, and that
is called the G-equivariant cohomology with compact support and is denoted by H ∞ G,cpt (M ). For our purpose we need equivariant forms with generalized coefficients. For a more precise description see [26] .
The space C −∞ (g, A * (M )) of generalized functions on g with values in the space A * (M ) is, by definition, the space Hom(m c (g), A * (M )) of continuous C-linear maps from the space m c (g) of smooth compactly supported densities on g to the space A * (M ), both endowed with the C ∞ -topologies. We define
is called an equivariant form with generalized coefficients. The
G (M ) and we can also extend the differential [26] . Take a basis {E 1 , · · · , E p } of g, and {E 1 , · · · , E p } the associated dual basis of g * . Let {X 1 , · · · , X p } be the corresponding coordinate functions on g. For every
Let M −∞ (g * , M ) be the space of distributions on g * with values in the space A * (M ). More precisely, it is the space Hom(C ∞ cpt (g * ), A * (M )) of continuous Clinear maps from the space of smooth compactly supported functions C ∞ cpt (g * ) to the space A * (M ), both endowed with the C ∞ -topologies. We can also define a derivation D on M −∞ (g * , M ) in the following way. For every γ ∈ M −∞ (g * , M ), the distribution D(γ) is defined by the equation
In this equation we denote by ∂ ξ : C ∞ cpt (g * ) → C ∞ cpt (g * ) the partial derivative associated to every ξ ∈ g * . One can easily check that
For every open subset U of g * , we denote by M −∞ (U) the space of distributions on U with complex values. If U is a G-invariant subset we can consider the subspace
For any compact Lie group G, and any Lebesgue measure dX on its Lie algebra, we denote by vol(G, dX) the volume of G for the Haar measure on G compatible with dX.
Partition of unity
For more details see Section 3 of [31] .
Lemma 3.1 of [31] tells us that the equivariant form Dλ(X) = dλ − Φ λ , X is invertible outside {Φ λ = 0} in the space of generalized equivariant forms. For each G-invariant differential form χ ext on M , equal to zero in a neighborhood of {Φ λ = 0}, we can define χ ext
, and this equivariant form satisfies
Let χ ∈ C ∞ (M ) G , equal to 1 in a neighborhood of {Φ λ = 0}. Then the form dχ is equal to 0 in a neighborhood of {Φ λ = 0}, and we can define the equivariant form 6 hal-00773248, version 1 -25 Jan 2013
Recall Proposition 3.3 of [31] .
Proposition 2.1 The equivariant form P λ is closed, and we have the identity
We use the phrase "partition of unity" to refer to the equality (2.5). In practice we will decompose the equivariant form P λ from a partition of
Definition 2.2 A G-invariant open set U of M which satisfies ( ) will be call good for the 1-form λ: it intersects {Φ λ = 0} in the interior of U.
If we start with a good open set U for the 1-form λ, the intersection U ∩{Φ λ = 0} is a component (perhaps empty !) of {Φ λ = 0}. Definition 2.3 Let U be a good open set for the 1-form λ, and C = U ∩ {Φ λ = 0} be the corresponding component of {Φ λ = 0}. We denote by P U λ (or P C λ ) the equivariant form
where χ U is a G-invariant real function on M , equal to 1 in a neighborhood of C, and with support in U.
Remark 2.4
If the open set U is relatively compact in M , then the equivariant form P U λ has a compact support on M . 
Consider an open covering
Then the open sets U i are good for the 1-form λ and
The preceding sum is well defined, even if it is infinite, because the equivariant forms P U i λ have disjoint supports. In practice, the equation (2.6) enables us to study the equivariant form P λ in the neighborhood of each component of {Φ λ = 0}.
Deformation process
We will reformulate Proposition 3.11 of [31] in a more general context .
Consider two G-invariant 1-forms λ 0 , λ 1 on M , and a G-invariant open set U of M . Proposition 2.6 Suppose there exist a smooth map f : M → g and a real ρ > 0 such that the functions, l 0 = Φ λ 0 , f and l 1 = Φ λ 1 , f , are bounded from below by ρ on ∂U. Then, the open set U is good for λ 0 and λ 1 (see Definition 2.2), and P
. Proof : By an averaging over G, we can suppose that the map f is Gequivariant. Then the real functions l 0 and l 1 are G-invariant. Consider the
The open set U is good for every 1-form λ s , because the function l 0 l 1 is strictly positive on ∂U. Consider a (smooth) cut-off function g : R → R + , equal to 1 on the interval {x ∈ R, x ≤ ρ 2 /3} and equal to 0 on {x ∈ R, x ≥ ρ 2 /2}.
Let χ be the G-invariant function on M , equal to g(l 0 l 1 ) in U, and equal to 0 outside U. It is a well defined smooth function because g(l 0 l 1 ) is identically 0 in a neighborhood of ∂U. It follows that the sets {Φ λs = 0} ∩ U are included in the interior of {χ = 1} for every s ∈ [0, 1].
Then, we can define the equivariant forms P
If we take the derivative with respect to s, we have
The first term of the RHS of this equation is equal to
and an integration by part shows that dχ( After integrating this last equation on [0, 1], we get P 
Generic form near a smooth component
In this section, we want to give a generic form of P C λ near a smooth component C of {Φ λ = 0}. Then a good neighborhood of C in M is modeled on the normal bundle
We work now with the following data. Let q : V → C be a G-equivariant real vector bundle on a compact G-manifold C. We denote by i : C → V the 0-section of V. We suppose that the fibers of V are oriented. Let λ ∈ A 1 (V) be a G-invariant 1-form on V such that {Φ λ = 0} = C. Denote by P C λ the generalized equivariant form defined by λ in a neighborhood of the 0-section in V (see Definition 2.3).
Integration along the fibers of V defines a morphism
that can be extended to equivariant forms which are rapidly decreasing in gmean. Recall Definition 2 of [7] . Definition 2.8 The differential form α ∈ C −∞ (g, A * (V)) is said to be rapidly decreasing in g-mean if, for every test function f on g, the differential form < α(X), f (X)dX > g on V is rapidly decreasing along the fibers, as well as all its derivatives, and such that, moreover, the map f →< α(X), f (X)dX > g is continuous, with respect to the natural semi-norms on the space of rapidly decreasing differential forms. 
for every test density f (X)dX on g. The integration V/C commutes with D and so defines a morphism
Let Thom G (V) ∈ H ∞ G,cpt (V) be the G-equivariant Thom form with compact support of the G-vector bundle V (for an explicit description see [11, 29] ). Proposition 2.9 Suppose that the 1-form λ is homogeneous on the fibers of V, with a strictly positive degree of homogeneity. Then the closed equivariant form e −i Dλ belongs to A −∞ G,mean−rapid (V) and we have the following equality in
Hence, for every closed form η ∈ A ∞ G (V), we have
Proof : If the 1-form λ is homogeneous, the map Φ λ : V → g * is homogeneous on the fibers of V, and the fact that
for some c > 0, where k > 0 is the degree of homogeneity of λ (where · is a norm on the bundle V). Then for every test density f (X)dX on g, the differential form < e −i Dλ (X), f (X)dX > g = e −i dλf (−Φ λ ) is rapidly decreasing along the fibers of V (f is the Fourier transform of f relatively to dX). We have shown that the closed equivariant form e −i Dλ belongs to A
Let χ ∈ C ∞ cpt (V) be a G-invariant function, equal to 1 in a neighborhood of C. We define the following G-equivariant forms on V
and
The equivariant form α 1 is well defined because 1 − χ = 0 in a neighborhood of C. We verify that Dα 0 = dχ 1 0 e −i t Dλ dt iλ − χ(e −i Dλ − 1) and
To conclude the proof, we just need to show that V/C (α 0 − α 1 ) exists and defines an equivariant form in A −∞ G (C). This is clear for V/C α 0 because α 0 has a compact support on V.
For every test density f (X)dX on g we have
With the inequality ( ), we get, for any integer N , the following:
Each component of the differential form (t, v) → e −i t dλv λ v is bounded by a function of the form P (t, v ), where P is a polynomial in both variables. Take now a polynomial P (x, y) with total degree less than n. Then for every v ∈ V with v ≥ 1, we have for N big enough
We have finally shown that the differential form < α 1 (X), f (X)dX > g is rapidly decreasing along the fibers of V. We see in the same way that all the derivatives of < α 1 (X), f (X)dX > g are also rapidly decreasing along the fibers, and so that the G-equivariant form α 1 on V is rapidly decreasing in g-mean. We can now integrate along the fiber the equality (2.8), to get
The Thom isomorphism tells us that for every
. Using now the fact that for every η ∈ H −∞ G (V), we have V/C (η. Thom G (V)) = i * (η), the equality (2.7) results from (2.9).
Fourier transform and pushforward
The idea of this section goes back to the paper [35] (see section 1.1).
We denote by A 
We verify that the Fourier transform commutes with the differential D and D.
We say that a distribution γ ∈ M −∞ (g * , M ) has a compact support in g * -mean on M , if for every function f ∈ C ∞ cpt (g * ), the differential form < γ, f > g * has a compact support on M . Definition 2.10 For every γ ∈ M −∞ (g * , M ) with a compact support in g * -mean on M , we denote M γ the distribution over g * defined by
) has a compact support in g * -mean on M , the distribution D(γ) has also a compact support in g * -mean on M and we have
By "Stokes" argument the first term of the RHS is 0, and each
Suppose that the manifold M is equipped with a symplectic 2-form Ω, and that the action of G is Hamiltonian with proper moment map µ : M → g * . Consider the equivariant symplectic 2-form Ω g (X) = Ω + µ, X , X ∈ g. By definition of the moment map µ, the equivariant form Ω g is closed.
For every polynomial P ∈ S(g * ) on g, we shall associate the differential operator P (−i∂ ξ ) (with constant coefficients) on C ∞ (g * ) that satisfies
for every function f ∈ C ∞ (g * ) with compact support. Naturally, this notation extends for every
we denote by α(−i∂ ξ ) the corresponding differential operator (with values in A * (M )).
Lemma 2.12 For every equivariant form
When α is closed, the distribution M F(αe iΩg ) depends only on the cohomology class of α.
Proof : Using the equation (2.13), we see that
Finally the properness of µ insures that the distribution F(αe iΩg ) has a compact support in g * -mean on M . As the form α(X)e iΩg (X) is G-equivariant, the Fourier transform F(αe iΩg ) is also G-equivariant, and its integral is a G-invariant distribution on g * . Suppose now that α is exact:
has a compact support in g * -mean. It follows from Lemma 2.11 that M F(αe iΩg ) is identically equal to 0.
After Lemma 2.12 one can define the pushforward morphism
Note that P is a morphism of S(g * ) G -modules: for any q ∈ S(g * ) G and α ∈ H * G (M ) we have P(qα)(ξ) = q(i∂ ξ ) (P(α)) (ξ), ξ ∈ g * . We remark also that i n µ * (dm L ) = P(1) = M F(e iΩg ), with dim M = 2n. The rest of this article is devoted to the study of the G-invariant distributions P(α), α ∈ H * G (M ).
When the integral M αe iΩg defines a tempered generalized function on g, we can write M F(αe iΩg ) = F( M αe iΩg ). It is the case, for example, when α has a compact support on M . One interesting example is the case where M is a closed coadjoint orbit of a connected semi-simple real Lie group S. Let G be a maximal compact connected subgroup of S. The action of G on M is Hamiltonian and one can show that M e iΩg defines a tempered distribution on g (see [10, 32] for more details).
The distribution M F(αe iΩg ) has a useful property of locality. For every
One can check, as we did in Lemma 2.12, that the restriction M F(αe iΩg )| U depends only on the cohomology class of α in µ −1 (U).
Induction and restriction of generalized equivariant forms
In this section we give a brief review of results of Kumar and Vergne [26] , that we will use intensively in the rest of this paper. Let G be a connected compact Lie group, and H a connected Lie subgroup of G such that G and H have the same rank (in the following sections we take H := T a maximal torus of G). We denote by g and h the respective Lie algebras. We fix from now on an orientation o on g/h (hence the homogeneous space G/H is oriented) which determines a polynomial square root
The equality of the ranks insures that Π g/h is non zero.
Let M be a H-manifold, and consider the associated G-manifold G × H M . Kumar and Vergne (see section 5 of [26] ) define a morphism
where * means that we can choose * = "compact support" or * = "general support". This map is in fact an isomorphism (for a proof see Theorem 52 of [26] ). We recall briefly the definition of this induction morphism.
For every H-manifold M , we first define a G-equivariant map
where G acts by left translations on itself, and H acts on G by right translation. For the algebra A * (G × H M ) we have the natural identifications
where H-invariants are taken with respect to the action of H by right multiplication on G, left action on M and adjoint action on g * (here g * corresponds to the space of (real) 1-forms on G invariant by left translation). Let r be a H-invariant subspace of g such that g = h ⊕ r. Then we have the inclusions h * → g * → A * (G) and ∧ max r * → [∧g * ] H−basic → A * (G/H). Let ν be the unique element of ∧ max r * such that -ν is compatible with the orientation of g/h, and
H−hor the horizontal projection (see Definition 28 of [26] ). Using the inclusion ∧r * → [∧g * ] H−hor the data (h H , ν) permits to define the H-equivariant map
After tensoring by C ∞ (G) we extend this map in the G-H-equivariant map
The map Θ is by definition the restriction ofΘ to the subspace
commutes with the equivariant differentials and we still denote Ind G/H the map in cohomology.
Note that if M is a point, the map Θ :
Let us now recall a result of Duflo and Vergne about generalized equivariant forms which admit a 'restriction' (see Proposition 31 of [10] and Proposition 55 of [26] ).
Using the identification of
Let E 1 , · · · , E p be a basis of g * , and let
, the form α e can be decomposed relatively to the basis {E I , I}: α e = I (α e ) [I] 
We say that α e admits a restriction to h if each component (α e ) [I] admits a restriction to h (see [10] for this notion). We can then define r h (α) :
Remark 2.15
There is a basic way to know if
Then the equivariant form α admits a restriction to h and we have r h (α) = lim a→∞ r h (α a ).
If the H-action on M comes from a G-action, we have a natural projection map π :
→ gm , which makes G × H M fibered over M with (oriented) fiber G/H. The integration along the fiber, G/H , defines a morphism
is by definition the composition of Ind G/H :
For every f ∈ C ∞ (g), we denote by f G the G-invariant function on g defined by the equation 19) where dg is the normalized Haar measure on G ( G dg = 1).
When the manifold M is a point the induction map ind 20) for every f ∈ C ∞ cpt (g). The first equality comes from (2.18), and the second one comes from the H-invariance of Φ.
Using the Weyl integration formula, we see in particular that ind is functorial in the following way. Let ψ : M → B be a G-equivariant fibration of G-manifolds, and suppose that the fibers are oriented. We get a map in cohomology ψ * :
G,cpt (B) which corresponds to the integration along the fibers of ψ. We have the following commutative diagram
The diagram (2.21) will be frequently used in the case where B is a point, and M is oriented. Then the map ψ * is the integration map M , and the diagram (2.21) becomes
In the case where M is just a H-manifold we have also a relation between the induction map ind G H (defined for a point) and Ind G/H (defined between M and M := G × H M ). The following commutative diagram summarizes this relation
Using the commutativity of the diagram (2.23), and Proposition 2.14, we get
Assume that α admits a restriction to h. We have then the following equality in C −∞ (g) G :
(See (2.20) for the definition of the induction map ind
Let · be a G-invariant Euclidean structure on g. We denote respectively by pr g/h and pr h the orthogonal projections g → h ⊥ and g → h. Let (., .) M a H-invariant Riemannian metric on M . Associated to this metric on M we have a natural G-invariant Riemannian metric on M := G × H M which is defined by the following equation
for X ∈ g and v m ∈ T m M . Here we use the identification between
This induced metric on M will be used in the following sections.
The pushforward via the Berline-Vergne localization
Here we extend the calculus of section 5.2 of [31] to the case of (possibly) noncompact manifolds. In this situation we will see the usefulness of the techniques developed in this section. We consider the case of a Hamiltonian action of a (compact) torus on a symplectic manifold (M, Ω). Let µ : M → t * be the corresponding moment map. We work with the following assumption.
Assumption 2.18
We suppose the existence of β ∈ t verifying the following conditions: Let (., .) M be a T -invariant Riemannian product on M . The partition of unity in equivariant cohomology 1 M = P λ + D(δ) (see subsection 2.2) is defined here with the T -invariant 1-form
The partition of unity gives for every closed form α ∈ A * T (M ) the decomposition αe iΩt = P λ αe iΩt + D(δαe iΩt ), where the equivariant forms P λ αe iΩt and δαe iΩt are tempered.
Proposition 2.20 Let α(X) be a closed equivariant form depending polynomially on X ∈ t. The distributions F(P λ αe iΩt ) and F(δαe iΩt ) have a compact support in t * -mean on M , and we have the equality of distributions over
Proof : Take f ∈ C ∞ cpt (t * ) with support in a ball of radius A. We have
We already known that the first term of the RHS of this equality has a compact support. For every m ∈ M , we have the following inequalities
These inequalities show that the second term of (2.25) is supported in µ, β −1 ([−∞, β A]) and so is compactly supported (see Assumption 2.18). We use the same argument to show that F(δαe iΩt ) has a compact support in t * -mean on M . If we apply equality (2.12) 
The moment map being proper, each connected component F ⊂ M T is compact and we decompose the equivariant form
where the equivariant form P F = χ F + dχ F ( ∞ 0 ie −it Dλ dt)λ is supported in a arbitrary small neighborhood of F . Let 0 < ε << 1, and for every F ⊂ M T take χ F supported in {m ∈ M, µ(m) − µ(F ) ≤ ε}. Using the equality (2.25), we see that for f ∈ C ∞ cpt (t * ) supported in a ball of radius A, the differential form < F(P F αe iΩt ), f > t * = 0 only if µ(F ), β ≤ β (A + ε) ( * ). The properness of µ, β tells us that for every A, there exist a finite number of F ⊂ M T verifying ( * ). Finally we see that for every f ∈ C ∞ cpt (t * ), we have < F(P λ αe iΩt ), f > t * = F ⊂M T < F(P F αe iΩt ), f > t * , where the sum of the RHS is in fact finite. Hence we have a locally finite decomposition
In the second equality we can intertwine the integral and the Fourier transform because each equivariant form P F αe iΩt has a compact support on M . Let N F be the normal bundle of F in M . In Section 4 of [31] , we have defined an inverse Eul
T (F ) of the equivariant Euler form Eul(N F ). Corollary 3.10 and Theorem 5.1 of [31] show that, for every closed form η ∈ A ∞ T (M )
where i F : F → M denotes the inclusion. In Section 4 of [31] , we show that the Fourier transform of Eul −1 β (N F ) is a locally polynomial density supported by the half space {ξ ∈ t * , ξ, β ≥ 0}, with values in the characteristic classes of N F .
Theorem 2.21 For every closed equivariant form
are tempered and are supported by the half-space {ξ ∈ t * , ξ − µ(F ), β ≥ 0}. Here, δ µ(F ) denotes the Dirac measure in µ(F ) ∈ t * , and " * " denotes the convolution product.
If we take α = 1 in the last theorem we have the following decomposition of µ * (dm L ).
Corollary 2.22
We have the following equality of locally polynomial measures on t * :
where each locally polynomial measure
) is tempered and supported by the half-space {ξ ∈ t * , ξ − µ(F ), β ≥ 0}.
Local behaviour of the pushforward
In this section we assume that a symplectic manifold M is provided with a Hamiltonian action of a compact connected Lie group G with Lie algebra g. We denote by Ω the symplectic form on M , and suppose that the moment map relative to the G-action, µ : M → g * , is proper. Our purpose is to describe the local behaviour of the distributions M F(αe iΩg ) that we have introduced in the previous section.
With the use of the partition of unity, we show, in the first subsection, that there exists a closed equivariant form P
For the study of the pushforward near a coadjoint orbit O = G.ξ, we prove in the second subsection an induction formula that holds in the entire slice through ξ. The proof use the fact that there exists a closed equivariant form P
In the next chapter we will show that, under suitable conditions, the equivariant forms P 
is the morphism of extension of coefficients. When M is compact, the map k o is surjective (see [25] ), and thus k o is also surjective.
Let Ω g (X) := Ω + µ, X , X ∈ g be the equivariant symplectic form. The Fourier transform is defined by the equation (2.10).
Theorem 3.1 (Jeffrey-Kirwan-Witten) Suppose that M is compact, and 0 is a regular value of µ. Let η(X) := α(X)e iΩg (X) ∈ H ∞ G (M ) where α(X) is a closed equivariant form depending polynomially on X ∈ g. Consider the Fourier transform F( M η) of M η. Near 0, the generalized density F( M η) is a polynomial density P (ξ)dξ and
where |S o | is the cardinal of the generic stabilizer of G on µ −1 (0). In this formula, dX is the Euclidean measure on g dual of dξ, vol(G, dX) is the volume of G for the Haar measure on G compatible with dX.
When the manifold is not compact the integral M αe iΩg does not have a meaning in general, but as we saw in the last chapter, the map µ being proper, we can define the distribution M F(αe iΩg ) and we are going to study it.
Choose a G-invariant Euclidean norm . on g * . Following Witten [36] , we consider the G-invariant 1-form λ defined below. We have
because the vector field H is always tangent to the G-orbits in M . 
Proposition 3.4 Let α(X) ∈ A * G (M ) be an equivariant form depending polynomially on X ∈ g. The equivariant forms P λ αe iΩg and δαe iΩg are tempered and their Fourier transform F(P λ αe iΩg ) and F(δαe iΩg ) have a compact support in g * -mean on M .
Proof : Take f ∈ C ∞ (g * ) with support in the ball B(o, A) of radius A. We have
We know from Lemma 2.12 that the first term of the RHS of this equality is a differential form with compact support on M . We have the following inequalities 27) because Φ λ , µ = H 2 M ≥ 0 on M . The RHS of (3.26) is zero at m ∈ M if µ(m) and tΦ λ (m) + µ(m) are not in the support of f , for every t ≥ 0. Using the inequality (3.27), we see finally that the support of < F(P λ αe iΩg ), f > g * is included in µ −1 (B(o, A) ), and so is compact. We prove in the same way that F(δαe iΩg ) has a compact support in g * -mean on M .
Remark
3.5 If U is a good open set for the 1-form λ, Proposition 3.4 remains true for the equivariant form P U λ . Now, if we use the fact that F • D(δαe iΩg ) = D • F(δαe iΩg ), Lemma 2.11 gives Corollary 3.6 Let α(X) be a closed equivariant form depending polynomially on X ∈ g. We have the following equality ofG-invariant distributions on g * M F(αe iΩg ) = M F(P λ αe iΩg ) .
Recall Lemma 12 of [35]
Lemma 3.7 Let R be the largest number u such that all ξ ∈ g * , ξ 2 < u are regular values of µ. Then R is also the smallest non-zero critical value of the function µ 2 .
Take two real numbers ε, r such that 0 < ε < r < R. The equivariant form P λ can be decomposed relatively to M ε = {m ∈ M, µ(m) < ε} and
To simplify the notation, we will write P Proposition 3.8 The support of the distribution M F(P out λ αe iΩg ) is contained in {ξ ∈ g * , ξ ≥ R}, where the constant R has been defined at Lemma 3.7. In particular, for every closed equivariant form α(X) depending polynomially on X ∈ g, the following equality of
holds in the open ball B o (o, R).
Proof : The equivariant form P out λ has been defined with a choice of real r such that 0 < ε < r < R and a function χ out ∈ C ∞ (M ) G with support contained in {m ∈ M, µ(m) > r}. But the distribution M F(P out λ αe iΩg ) does not depend on this choice. If we take another r and χ out which define P out λ , we have P Because t Φ λ +µ ≥ µ for every t ≥ 0, both of these conditions imply that support{χ out } ∩µ −1 B(o, A) is not empty: in particular A > r. This shows that the differential form < F(P out λ αe iΩg ), f > g * = 0 if the support of f is included in {ξ ∈ g * , ξ < r}. We have finally shown that the support of the distribution M F(P out λ αe iΩg ) is included in {ξ ∈ g * , ξ ≥ r} for every r < R. We know from Corollary 3. We show in Section 4 how to compute the equivariant form P 0 λ , through an induction, in the case where 0 is not a regular value of the moment map. Now we compute the distribution F( M P 0 λ αe iΩg ), when 0 is a regular value of the map µ : M → g * , and show that is in fact a polynomial density.
Since µ is regular at 0, there exists, for ε > 0 small enough, a G-equivariant
where W is an open neighborhood of µ −1 (0) in µ −1 (0) × g * , and pr 2 • ψ = µ (pr 2 is the projection map µ −1 (0) × g * → g * ).
Let σ ∈ A 1 (µ −1 (0)) ⊗ g be a connection form for the principal bundle
We see that {Φ γ = 0} = µ −1 (0), and we define the equivariant form P γ with compact support in {(m, ξ) ∈ µ −1 (0) × g * , ξ < ε}. 
G,cpt (M ).
Proof : This is just an application of Proposition 2.6, with the open set U = M ε and the function f = µ (where we have identified g and g * via the scalar product). The functions Φ λ , µ = H 2 and Φ (ψ) * (γ) , µ = µ 2 are strictly positive on ∂U, hence are bounded from below by some ρ > 0 because ∂U is compact. Finally
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Via the diffeomorphism ψ :
where i : µ −1 (0) → M is the inclusion. The equality (3.31) is due to the fact that the equivariant form P γ has a compact support on µ −1 (0) × g * . The 1-form γ is homogeneous along the fibers of g * , then Proposition 2.9 gives
Decompose the connection form with respect to the basis E 1 , E 2 , · · · , E p of g: σ = k σ k E k . Let S(g) be the symmetric algebra of g. For every P ∈ S(g) we note P (∂ X | 0 ) the linear map
that we will note f (ω) :=< e ω(∂ X | 0 ) , f >.
Orientation:
The manifold N = µ −1 (0) × g * is oriented by the symplectic form of M via the isomorphism ψ (equation (3.29) ). The orbifold M red is oriented by its symplectic form. We choose the orientation o(µ −1 (0)) of µ −1 (0) given by the relation
Proposition 3.10 For every f ∈ C ∞ cpt (g), we have
where vol(G, dX) is the volume of G for the Haar measure on G compatible with dX, and vol(G) = vol(G,
Proof : This computation is done (with different notations) at Proposition 80 of [26] .
In another way
Using Propositions 3.9 and 3.10, and the equality (3.32), we can state the following Proposition 3.11 The generalized function M P 0 λ αe iΩg is supported at 0 and we have the following equality
In particular,
We have F e ω(∂ X | 0 ) vol(G, −) (ξ) = e −i ω, ξ dξ can /(2π) p , where p = dimG, and dξ can is the Euclidean measure on g * such that its dual measure dX can on g verifies vol(G, dX can ) = 1. Corollary 3.6, Propositions 3.8 and 3.11 give the following Theorem 3.12 Suppose that 0 is a regular value of the moment map. Let α ∈ A * G (M ) be a closed equivariant form. Let R be the smallest non zero critical value of µ 2 . On the open ball B o (o, R) the distribution M F(αe iΩg ) is a polynomial density, given by the equation
Local induction
For every sub-algebra h of g, we denote by
temp (h * ) the corresponding Fourier transform (see equation (2.10)). From now on, we fix a G-invariant scalar product (·, ·) on g * . For notational convenience, we shall identify, for every sub-algebra h, h h * under the invariant inner product (·, ·). Now we want to study the behaviour of the pushforward M F g (αe iΩg ) near a co-adjoint orbit O of g * by an induction which is closed to those defined by Vergne in [35] (see section 1.4.) and by Duflo-Heckman-Vergne in [9] . Here, our induction works even if O is not included in the set of regular values of µ, and moreover, it can be performed on the entire neighborhood G × Gσ U σ of O, where U σ is a slice at a point ξ ∈ O. For this purpose we use the cross section theorem of Guillemin-Sternberg [18] (see Theorem 26.7).
Let T be a maximal torus of G with Lie algebra t, and let W := W (G, T ) be the Weyl group associated. We make a choice of a Weyl chamber t * + in t * . Let ξ be the unique point in t * + such that O = G.ξ, and let σ be the unique open face of t * + which contains ξ. The stabilizer subgroup G ξ ⊂ G does not depend on the choice of ξ ∈ σ, and is denoted G σ . Let g σ be the Lie algebra of G σ , and let g * σ be the dual vector space. Following Guillemin-Sternberg [18] , we introduce the following G σ -invariant open subset of g * σ :
Here {σ ⊂τ } is the set of all faces τ of t * + which contain σ in their closure. By construction, U σ is a slice for the coadjoint action at any ξ ∈ σ (see Definition 3.1 of [27] ). This means that the map G × U σ → g * , (g, ξ) → g.ξ, factors through an inclusion G × Gσ U σ → g * .
The symplectic cross-section theorem [18] asserts that the pre-image Y σ = µ −1 (U σ ) is a symplectic submanifold provided with a Hamiltonian action of the group G σ . The restriction µ| Yσ is a moment map for the action of G σ on Y σ that we denote by µ σ . Moreover, the set Let α ∈ A * G (M ) be a closed equivariant form. The restriction of the distribution M F g (αe iΩg ) to the neighborhood G × Gσ U σ of O is equal to 15) ), but in order to simplify the notation we will not distinguish between M F(αe iΩg ) ∈ M −∞ (g) G , and its restriction to G × Gσ U σ .
Descent of distributions on g
We know that we have a one to one correspondence [7] , section 5.1) where Φ [Uσ] is defined by
The 2-form Ω on M restricts to a symplectic 2-form Ω| Yσ on the submanifold Y σ , and we denote by Ω gσ (Y ) := Ω| Yσ + µ σ , Y , Y ∈ g σ , the corresponding G σ -equivariant symplectic form. We denote by α → r gσ (α), H ∞ G,cpt (M ) → H ∞ Gσ,cpt (Y σ ) the morphism of restriction for equivariant forms with C ∞ coefficients.
We can now state the main result of this section.
Proposition 3.13 Let α(X) be a closed G-equivariant form on M depending polynomially on X ∈ g. We have the following equality of
Here, the volume vol(G/G σ ) is computed with a measure dE 1 · · · dE 2r , where E 1 , . . . , E 2r is an orthonormal basis of the orthogonal complement g ⊥ σ of g σ in g. This Corollary which is an easy consequence of Propositions 3.11 and 3.13 was already obtained in [35] (when M is compact).
For α = 1, one can prove Proposition 3.13 using arguments similar to those of [9] (see equation (8)). For a general closed form α ∈ A * G (M ), we reduce the proof of this Proposition to the proof of Lemma 3.15.
If we see M as the manifold Y {0} , and g as the open subset U {0} corresponding to the minimal facet {0} of t * + , we can rewrite the equation (3.34) for two facets τ, σ of t * + such that σ ⊂τ . Then, Y τ is a G τ -Hamiltonian sub-manifold of Y σ , G τ is a (connected) subgroup of G σ , and the set
Proposition 3.13 applied to (σ, τ ) says that, for every closed equivariant form α ∈ A * Gσ (Y σ ), we have the following equality of
Lemma 3.15 The equality (3.34) holds on a neighborhood of σ.
Lemma 3.15 =⇒ Proposition 3.13
Assuming Lemma 3.15, we have to show that the equality (3.34) holds in a neighborhood of the facets τ, σ ⊂τ . Or equivalently that
holds in a neighborhood of τ in U τ . If we apply Lemma 3.15 to (σ, τ ), the equality (3.35) holds in a neighborhood of τ . Then the equality (3.36) is equivalent to
in a neighborhood of τ . Here we use the relations c({0}, σ)c(σ, τ ) = c({0}, τ ) and Π g/gσ .Π gσ/gτ = Π g/gτ . But Lemma 3.15 applied to ({0}, τ ) tells us exactly that (3.37) holds in a neighborhood of τ .
Proof of Lemma 3.15
The rest of this subsection is devoted to the proof of Lemma 3.15. Take now a point ξ ∈ σ. We have to prove that (3.34) holds in a neighborhood of the orbit O := G.ξ. For this we define the following 1-form on the
Let µ ξ : M σ → g * be the G-equivariant map defined by the equation
and denote by H ξ the corresponding vector field on
Definition 3. 16 We denote by λ ξ the following G-invariant 1-form on M σ :
A straightforward computation shows that {Φ λ ξ = 0} = G × Gσ Cr( µ σ − ξ 2 ), and in particular {Φ λ ξ = 0} contains µ −1 (O) = G × Gσ µ −1 σ (ξ). Let P λ ξ be the G-equivariant form on M σ defined with the 1-form λ ξ (see Definition 2.4). As in subsection 3.1 we have the decomposition 
Proof : The proof follows the same line than those of subsection 3.1. Let r > 0 such that the closed ball B c (ξ, r) :
σ , x−ξ < r}) and take P O λ ξ with support in µ −1 (U ξ ). With the 1-form λ ξ , we have a partition of unity αe iΩg = P O λ ξ αe iΩg + P out λ ξ αe iΩg +D(δαe iΩg ) of G-equivariant differential forms on M σ . Like in Proposition 3.4, we show that, for each A ∈ {αe iΩg , P O λ ξ αe iΩg , P out λ ξ αe iΩg , δαe iΩg } and each function f ∈ C ∞ cpt (U ξ ), the differential form < F g (A), f > g * ∈ A * (M σ ) has a compact support in M σ (in fact included in µ −1 (U ξ )). Lemma 2.11 gives, like in Corollary 3.6, the following equality in
Now, Proposition 3.8 tells us that the distribution
We will show now that the closed G-equivariant form P Remark 3.19 From now on, the equivariant form P O λ ξ will be defined with the 1-form (H ξ , ·) Mσ . Using Proposition 2.6, we know that this modification does not change the class of P O λ ξ . For convenience, we will still denote by λ ξ the 1-form (H ξ , ·) Mσ .
on the differential forms with compact support. We denote by
the morphism equal to the composition of the induction map
. This gives the following equality
In particular, we get (2.20) for the definition of the induction map ind
where χ is with compact support, equal to 1 in a neighborhood of µ −1 σ (ξ), and support{χ } ∩ Cr(
We are now in the situation of the Remark 2.15. We have Q = lim a→∞ Q a with Q a := χ + dχ a 0 ie −it Dλ ξ dt λ ξ ∈ A ∞ G,cpt (M σ ). We verify that the restriction Q a e | gσ converges in C −∞ (g σ , ∧g * ⊗ A * (Y σ )) when a → ∞. In particular, the equivariant forms r gσ (Q a ) = χ + dχ
Gσ,cpt (Y σ ) converge to P σ ξ when a → ∞. This shows that the generalized G-equivariant form Q admits a restriction to M equal to P σ ξ , and the equality (3.40) is just a consequence of Proposition 2.14. Using now Corollary 2.17, the equality (3.41] is just a consequence of (3.40).
We fix an orthonormal basis E 1 , . . . , E 2r , . . . , E p of g such that E 2r+1 . . . , E p is a basis of g σ . Let dX = dE 1 · · · dE p and dY = dE 2r+1 · · · dE p be the corresponding normalized Lebesgue measure on g and g σ . For every f ∈ C ∞ cpt (g) we denote by F dX g (f )(X ) := 1 (2π) dimG g e −i(X,X ) f (X)dX the Fourier transform of f relatively to dX (and in the same way F dY gσ ). Our Lemma follows from the relation of Harish-Chandra
where r = dim(G/G σ )/2 (see Lemma 15 in [20] or Lemma 3.4. 1 in [23] ).The formula 3.42 is usually stated and proved when g σ = t, but one can see easily that this case implies the others. Take now f ∈ C ∞ cpt (g * ) G with support in a small neighborhood of the orbit O = G.ξ. Finally, we have the following equalities (after identification of g and g * ; g σ and g * σ ).
where vol(G) = vol(G, dX) and vol(G σ ) = vol(G σ , dY ). The point [1] is due to Proposition 3.17; the point [2] is just the equation (3.41); the point [3] comes from the relation of Harish-Chandra (see (3.42) ) and the point [4] is due to Proposition 3.8 (applied to the manifold Y σ with the Hamiltonian G σ -action at the point ξ belonging to the center of g σ ). This last equality shows that the equality (3.34) holds in a neighborhood of O, and hence that Lemma 3.15 has been proved.
Two kinds of things remain to be done. First we have to compute the equivariant forms P 0 λ , P σ ξ in the general case where 0 or ξ are not necessarily regular values of the moment map. On the other hand, it will be interesting to have a global expression for the pushforward. For this we have to compute the term M F(P out λ αe iΩg ). In general, one of the main difficulties in these computations is the non-smoothness of some components of Cr( µ 2 ). Assumption 4.1 We suppose in this section that the moment map µ T is proper (Therefore µ G is also proper).
These properness conditions give the following
For each β ∈ B G , we denote by In the same way, for each β ∈ B T , we denote by
defined with the 1-form λ T in a neighborhood of C T β .
Remark 4.3
As an application of Proposition 2.6, we see that the cohomology classes of P T β and P G β do not depend on the choice of the G-(or T -)invariant Riemannian metric on M .
We have now a global expression for the pushforward.
Proposition 4.4 For every closed form
where the distribution F g M P G β αe iΩg are tempered. The same holds for the T -equivariant forms. For every closed form α ∈ A * T (M ), we have
Proof : Because µ G is proper, we see that the intersections of B G with the compact subsets of g * are finite. Like in Proposition 3.8, we can show that, for every β ∈ B G , the distribution M F g (α P G β e iΩg ) is supported outside the ball B(o, β ). Then for every f ∈ C ∞ cpt (g * ) the terms < M F g (α P
G β e iΩg ), f > g are non zero for a finite number of β in B G . This fact insures that the RHS of (4.45) is a well defined distribution on g * (we have M F g P G β αe iΩg = F g M P G β αe iΩg because P G β has a compact support on M ). Using the decomposition P λ G = β P G β , Corollary 3.6 finally gives the equality (4.45). The generalized function M P G β αe iΩg is tempered because the equivariant form P G β αe iΩg is tempered and with compact support on M .
Symplectic induction
The action of the Weyl group W on the algebra A ∞ T,cpt (M ) extends naturally to an action on A −∞ T,cpt (M ) which commutes with the differential D. For every γ ∈ A −∞ T,cpt (M ) and w ∈ W , the equivariant form w.γ is defined by the equation
where · 1 denotes the action of W on A * (M ) and · 2 denotes the action of W on m c (t). We have defined a closed equivariant form P T β for every β ∈ B T , and we know that W acts on B T . A straightforward computation shows that For every β ∈ B T , we denote by W β the subgroup of elements of W that leave β fixed, and by |W β | its cardinal. We can now write the main theorem of this section. 
Otherwise, for β ∈ B T such that β / ∈ W.B G , we have
Note that the equality ind The identity ind
= 0 is more interesting, and is equivalent to the following: Π
Using the commutativity of the following diagram (see (2.22) )
(4.48) and the equation (2.20) we get
2) For every β ∈ B T such that β / ∈ W.B G , we have
Before going into the proof, we can play a little 'game' to understand the role of the polynomial Π 2 g/t in Theorem 4.5. Suppose the manifold compact, and write the partition of unity relatively to the 1-forms λ G and λ T :
. Now take the first partition of unity, multiply by Π 2 g/t , and take the image by the induction map. We get
Now using Theorem 4.5 and the equality (4.50), we see that this last equation is in fact the second partition of unity. The term ind
is equal to |W | 1 M , the terms of the first sum of the RHS are equal to zero, and for every β ∈ B G we have β ∈W.β ind
Proof of Theorem 4.5
The natural projection map π : 
Remark 4.7 This morphism induces an isomorphism between the
G (G/T ) be the closed equivariant form equal to the image under the Chern-Weil homomorphism of the W-anti-invariant polynomial function
. We will also denote by W g/t the pullback p * (W g/t ) ∈ A * G (M). The form W g/t ∈ A * G (M) is closed, W -anti-invariant, and we have
where |W | is the cardinal of W . By definition this form restricts to (−2π) −dim(G/T )/2 Π g/t on M (see section 8 of [26] ). Proposition 2.14 insures that Ind G/T (Π 2 g/t 1 M ) = W g/t and after integration on the fibers of π we get
• For each β ∈ B G , we are going to prove that the G-equivariant form P (1) Next we show that P M β admits a restriction to t, and that r t (P 
The second point shows that r t (W g/t P M β ) = (−2π) −dim(G/T )/2 Π g/t P T β . Combining these two equalities with Proposition 2.14, we found finally
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• For every β ∈ B T \W.B G , we will show that there exists an exact equivariant form Q β ∈ A −∞ G,cpt (M) that admits a restriction to M equal to P T β (see Proposition 4.10). Proposition 2.14, applied to the equalities r t (Q β ) = P T β and Q β ≡ 0, gives ind
and that gives ind Let pr g/t and pr t be respectively the orthogonal projections g → t ⊥ and g → t, and denote by µ G/T the map pr g/t (µ G ). We make the choice of a Ginvariant Riemannian metric (., .) M on M , and denote by(., .) M the induced G-invariant Riemannian metric on M (see equation (2.24) ).
Letμ : M → g be the equivariant map equal to the pullback of µ G by π, and denote byH the corresponding vector field on M:
Definition 4.8 We denote byλ the following G-invariant 1-form on M:
For every X ∈ g, we have Proof : If i : M → M denotes the inclusion, a straightforward computation shows that i * (λ) = λ T . Let χ β ∈ C ∞ cpt (M) G be the function coming from a T -invariant function χ β on M , where χ β is equal to 1 in a neighborhood of
(For the equality ( ), we have just used the trivial implication β = β in t =⇒ µ −1
We are now in the situation of the Remark 2.15. We
, and we see that the limit lim a→∞ r t (Q a β ) is equal to P T β . This shows that the generalized G-equivariant form Q β admits a restriction to t which is equal to P 
The proof is completed in the case β ∈ B T \ W.B G . We fix now an element β in B G and take a G-invariant neighborhood
Proposition 4.11
The open set V β is good forλ, and
Proof: By definition, we have
. The proof of this proposition will be an application of Proposition 2.6 with the 1-formsλ, π * (λ G ), and the function f :=μ on the open set V β . We have Φλ,
•π is also strictly positive on ∂V β .
By definition we have P
We have now just to verify that
This first equality comes from the decomposition V β ∩ {Φλ = 0} =
The third equality is due to the fact that for every w ∈ W , we have P M w.β = w.P M β .
The Pushforward in the torus case
Let (M, Ω) be a symplectic manifold provided with a Hamiltonian action of a torus T with Lie algebra t. The moment map µ T : M → t * is supposed proper. We recall that the pushforward is given by
Let α ∈ A * T (M ) be a closed equivariant form. We know from Proposition
Each T -equivariant form P T β is supported in the neighborhood of the set C T β which is not smooth in general. Then, in order to compute the distribution D α β , we modify the moment map to µ ε := µ T − ε, ε ∈ t * .
Let . be a scalar product on t * . As in the last section, consider the Tinvariant 1-form λ ε defined below. Definition 4.12 For ε ∈ t * , let λ ε be the following T -invariant 1-form
where H ε is the Hamiltonian vector field associated to the function 1 2 µ ε 2 , and (., .) M is a T -invariant Riemannian metric on M .
We know that {Φ λ ε = 0} = Cr( µ ε 2 ) and we will show that for "generic" ε ∈ t * , the set Cr( µ ε 2 ) is a smooth submanifold such that the quotient Cr( µ ε 2 ) T is a symplectic orbifold. We rewrite the result of subsection 6.1.2 of [31] , in a more general context of a (possibly) non-compact manifold.
Let I be the set of subgroups of T stabilizer of points in M . For l ∈ I, we denote by T l the corresponding subgroup. For each l ∈ I, we denote by Z k l , k ∈ I l the connected components of M T l that have T l for generic stabilizer. The subsets Z k l are T -invariant symplectic submanifolds of M , and the convexity theorem of Atiyah-Guillemin-Sternberg (in the version of Condeveaux-DazordMolino [8, 22] ) insures that the P k l = µ(Z k l ) are polyhedral subsets of t * . We have (
, for all k. In this equality, − → P k l is the subspace of t * generated by {a − b| a, b ∈ P k l }, and ⊥ corresponds to the orthogonal for the duality between t and t * .
We denote by B := {Aff(P k l )|l, k} the set of the affine subspaces of t * generated by the polyhedral subsets P k l . For each ∆ ∈ B, we note T ∆ the sub-torus of T with Lie algebra ( − → ∆) ⊥ . Let j : t * → t be the isomorphism induced by the scalar product on t * . For each ε ∈ t * , we consider the function µ ε 2 : M → R. Propositions 6.8 and 6.9 of [31] remain true. Proposition 4.13 For every ε ∈ t * , the critical points of µ ε 2 can be written on the form
where β(ε, ∆) is the orthogonal projection of ε on ∆. There exists a dense subset W of t * , such that for every ε ∈ W the set Cr( µ ε 2 ) is a smooth submanifold of M , the union ( ) is disjoint, and the group T /T ∆ acts locally freely on
Remark 4.14 When the manifold is compact the subset W of "generic" ε is the complement of a finite number of affine sub-spaces. In the general case, W is the complement of (at most) a countable number of affine sub-spaces. Thus the set W is dense.
Remark 4.15 Each subset C ε
∆ is compact because µ T is proper. When ε ∈ W, the sub-manifolds C ε ∆ , ∆ ∈ B have a finite number of connected components.
Fortunately we can recover the equivariant form P T β , β ∈ B T after this perturbation with ε. For β ∈ B T , and ∆ ∈ B such that β = β(0, ∆) (in other words β is equal to the orthogonal projection of 0 on the affine subspace ∆), we have β − β(ε, ∆) ≤ ε for every ε ∈ t * (see Picture 1). Let ε β = min β =β β − β be the minimal distance between β and the other points of B T , and let U β be the open neighborhood of C T β defined by
39
Lemma 4.16 For ε ∈ t * small enough we have
Proof: By definition we have P
are strictly positive on ∂U β . Let ρ > 0 be the minimal value of H 2 M on ∂U β . Then for ε small enough, the function |(H, ε M ) M | is bounded by ρ/2 on ∂U β . Finally for ε ∈ t * small enough, we can apply Proposition 2.6 to the 1-forms λ ε and λ T , on the open set U β , with the function f = µ ε .
For ε ∈ W and ∆ ∈ B, let
be the closed equivariant form defined with the 1-form λ ε in a neighborhood of C ε ∆ (see Definition 2.3). If C ε ∆ = ∅ the equivariant form P ε ∆ is identically equal to 0. For ε ∈ W small enough, the submanifold C ε ∆ is contained in U β if and only if β(0, ∆) = β, and we have the decomposition P 
Now, we recall the computation of the generalized functions M P ε ∆ αe iΩt for ε ∈ W sufficiently close to 0 (see subsection 6.1.2 of [31] ). The equivariant form P ε ∆ has a compact support in a tubular neighborhood of the submanifold
where
is just a polynomial function on t ∆ with values in H * (M ε ∆ ). Taking now the Fourier transform, we find
is the Euclidean measure on (t/t ∆ ) * such that its dual measure dX can 
is the Heaviside measure associated to α + k , and * is the convolution product. In particular
Here, the strict inclusion means that for some c > 0 the inequality (ξ, β(ε, ∆) − ε) ≥ c ξ holds on C ε ∆ (see Picture 2). Then, for ε small enough, the cone C ε ∆ is strictly included in the half-space {ξ ∈ t * ∆ , (ξ, β) ≥ 0} with β = β(0, ∆).
Picture 2
From the integral (4.57) and the equality (4.58) we see that there exist a finite collection of polynomials P j ∈ S(t * ∆ ), Q j ∈ S(t/t ∆ ) such that with ξ = ξ 1 + ξ 2 , ξ 1 ∈ t * ∆ , ξ ∈ (t/t ∆ ) * . Since (t/t ∆ ) * = (t ∆ ) ⊥ and j(β) ∈ t ∆ for β(0, ∆) = β, we see that the distribution D α ∆,ε is supported by the half-space {ξ ∈ t * , (ξ − β, β) ≥ 0} with β = β(0, ∆).
Remark 4.20
In the case where β = 0, the "half-space" {ξ ∈ t * , (ξ−β, β) ≥ 0} corresponds in fact to all the vector space t * .
We can now state the where each dm β is a locally polynomial measure supported by the half-plane {ξ ∈ t * , (ξ − β, β) ≥ 0}.
Witten partition functions
Let M be a compact symplectic manifold equipped with a Hamiltonian action of a compact connected Lie group G, with Lie algebra g. We denote by Ω the symplectic form on M and by µ G : M → g * the moment map of this action. Let . be the norm induced by a G-invariant scalar product on g. Let B G be the indexing set of a decomposition of Cr( µ G 2 ) (for the definition, see (4.43)). In [36] , Witten introduced the "partition functions" has been proved by Kalkman [24] , Wu [37] in the case of circle actions and by Jeffrey-Kirwan [23] in the general case.
The partition of unity defined with the G-invariant 1-form λ G gives automatically the decomposition Z α (u) = β∈B G Z 
This section is devoted to the computation of the terms Z α β , β ∈ B G of this formula. We do not require that 0 is a regular value for the moment map µ G .
A function h : R → C is called slowly increasing if it is bounded by a polynomial at infinity. The rest of this section is devoted to the proof of the following Theorem. where d ∆ α is the (maximal) polynomial degree of the equivariant form k ∆ (αΠ 2 g/t ), andα ∆ (u, ξ) is a differential form which depends polynomially on the parameters u > 0 and X 1 ∈ t ∆ . We get finally
(5.63)
For ε ∈ t * sufficiently close to 0, the density F(Eul
) is of the form P ∆ (ξ)dξ, where P ∆ is a locally polynomial function supported by a cone C ε ∆ strictly included in the half-plane {ξ ∈ t * ∆ | (ξ, β) ≥ 0}. There are two cases. 1) β = 0
We make the change of variable ξ = √ u.ξ in the integral (5.63). We find Because of the strict inclusion of the cone C ε ∆ in the half-space {ξ ∈ t * ∆ | (ξ, β) ≥ 0}, there exists a constant c > 0 such that (β, ξ ) ≥ c ξ for every ξ ∈ C ε ∆ . Then, the term e −(β,ξ ) insures, for every u ∈ R, the convergence of the integral 
